This paper examines analytically and experimentally why the system GMM estimator in dynamic panel data models is less biased than the first differencing or the level estimators even though the former uses more instruments. We find that the bias of the system GMM estimator is a weighted sum of the biases in opposite directions of the first differencing and the level estimator. We also find that an important condition for the system GMM estimator to have small bias is that the variances of the individual effects and the disturbances are almost of the same magnitude. If the variance of individual effects is much larger than that of disturbances, then all GMM estimators are heavily biased. To reduce such biases, we propose bias-corrected GMM estimators. On the other hand, if the variance of individual effects is smaller than that of disturbances, the system estimator has a more severe downward bias than the level estimator.
Introduction
A major topic in recent theoretical analyses of panel data models is the estimation of dynamic panel data models. 1 Since the work of Arellano and Bond (1991), the generalized method of moments (GMM) technique has been widely used in the estimation of dynamic panel data models. However, subsequent examinations of the finite sample performance of the GMM estimator have shown that it is substantially biased. One source of the bias, first discovered by Nelson and Startz (1990a, b) , is weak instruments. Staiger and Stock (1997) have shown that the instrumental variables estimator would be inconsistent under weak instrument asymptotics. 2 We call this the "weak instruments problem". The other source of bias is the relative number of instruments to sample size. Especially in linear simultaneous equation models, Kunitomo (1980) , Morimune (1983) and Bekker (1994) have shown that the 2SLS estimator is inconsistent as the number of the instruments tends to infinity.
And Hahn and Hausman (2002) have shown that the finite sample bias of 2SLS
estimator is monotonically increasing in the number of instruments. One important finding of the papers listed above is that the magnitude of the bias is proportional to the relative size of the number of instruments to the sample size. We label this the "many instruments problem". What is important with regards to using many instruments is the trade-off between the efficiency and the bias of the estimator.
Although using many instruments is desirable to improve the efficiency of the estimator in terms of conventional first order asymptotic theory, it is problematic in terms of bias. This trade-off in GMM estimation was first highlighted by Tauchen (1986) for the case of time series data, and Donald and Newey(2001) proposed a method to determine the number of instruments that minimizes the mean squared error of the estimator. 3 These considerations are still binding in the estimation of dynamic panel data 1 For an overview of recent developments in this field, see Baltagi (2001) , Hsiao (2003) , Arellano (2003) and Blundell, Bond and Windmeijer (2000) .
2 See Stock, Wright and Yogo (2002) for an excellent survey.
3 Ziliak (1997) has shown by simulation that the trade-off between the efficiency and the bias of the estimator is still binding in static panel data models with predetermined variables, while Okui (2004) proposed a procedure for the optimal choice of instruments in dynamic panel data models.
models. 4 It is well known that in the first differencing models the bias is sizable when the parameter concerning the lagged dependent variable is close to unity (Alonso-Borrego and Arellano 1999). Blundell and Bond (1998) have shown that this is due to weak instruments, and to overcome the "weak instruments problem" they proposed the system GMM estimator. They first showed that the level GMM estimators by Arellano and Bover (1995) However, since the system GMM estimator uses more instruments than the first differencing and the level estimators, even in the fixed N and T case, the number of instruments relative to the sample size of the system GMM estimator is larger than that of the first differencing and the level estimators. For example, when T=4, the first differencing and the level estimators utilize 3 and 2 instruments respectively, while the system estimator uses 5; thus, the number of instruments relative to the sample size is largest, and the "many instruments problem" is most serious for the system GMM estimator. Therefore, one might suspect that the system GMM estimator is more biased than the first differencing and the level estimators, although it is more efficient.
However some simulation results, such as those presented in Table 5 in Blundell and Bond (1998) or in Figure 1 in this paper, 5 do not pose such a problem; rather the system GMM estimator is less biased than the first differencing and the level 4 A number of papers have suggesting ways to reduce the bias of the estimator in dynamic panel data models. Kiviet (1995) and Hahn and Kuersteiner (2002) propose bias-corrected within-groups estimators, while Hahn, Hausman and Kuersteiner (2001) propose a long-differenced estimator to strengthen the instruments. 5 In the figures through the paper, the horizontal axis represents the autoregressive parameter α (which is defined in Section 2) from 0.1 to 0.9, while the vertical axis represents the size of the bias relative to the true α multiplied by 100. "-th" denotes theoretical values and "-sml" denotes simulation values based on 10,000 replications. The simulation design is explained in Section 4.
GMM estimators even in moderate sample sizes of cross-section data. The purpose of this paper is to show theoretically why the system GMM estimator, despite using more instruments, is less biased than the first differencing and level GMM estimators.
We find that the bias of the system GMM estimator is composed of a weighted sum of the biases of the first differencing and the level estimators with opposite direction, and this is the primary reason why the system estimator is less biased.
Also, we find that the size of the variances of the individual effects relative to the disturbances is an important factor determining the magnitude of the biases. If the variances of the individual effects and disturbances are equal, as considered in
Blundell and Bond (1998), the bias of the system estimator is very small. However in other cases with unequal variances of the individual effects and disturbances, the bias of the system estimator is fairly large. Hence, we can say that the simulation results reported by Blundell and Bond (1998) are special cases in which the bias becomes small.
The remainder of the paper is organized as follows. In Section 2, we define the model and the estimators used in this paper. For simplicity, we consider inefficient one-step GMM estimators with T = 4. Section 3 provides the main results concerning the small sample bias of the GMM estimators. Based on the results of Section 3, we compare the estimators numerically in Section 4. We find that all the GMM estimators are heavily biased when the variance of the individual effects is larger than that of the disturbances. Section 5 suggests bias-corrected GMM estimators to reduce such bias. Finally, Section 6 concludes.
The model and estimators
We consider an AR(1) panel data model given by
where α is the parameter of interest with |α| < 1 and v it has mean zero given
We impose the following assumptions: 
where
These assumptions are the same as Alvarez and Arellano's (2003) except that we assume finite third order moments.
Linear GMM estimators
Given these assumptions, we consider three types of GMM estimators. These include the first differencing GMM estimator, the level GMM estimator and the system GMM estimator, abbreviated as GMM(DIF), GMM(LEV) and GMM(SYS) estimators, respectively.
First differencing GMM estimator
Arellano and Bond (1991) proposed a first differencing GMM estimator which is based on the 3 moment conditions:
and ∆u it = u it − u i,t−1 . We consider a one-step GMM estimator based on moment condition (3) with weighting matrix 
Level GMM estimator Arellano and Bover (1995) proposed a level GMM estimator that is based on the moment conditions: 6
We consider a one-step GMM estimators based on moment conditions (6) with
, where y and y −1 are stacked across individuals. Then the one-step GMM estimator for α is
We label (8) the GMM(LEV) estimator.
System GMM estimator
In order to avoid weak instruments and improve the efficiency of the estimator, Blundell and Bond (1998) proposed a system GMM estimator in which the moment conditions of the GMM(DIF) and GMM(LEV) are used jointly. The moment conditions used in constructing the system GMM estimator are given by
where 
. We label (11) the GMM(SYS) estimator. Note that α sys can be expressed aŝ
3 Small sample biases of GMM estimators
In this section, we provide analytical forms of the biases of the GMM(DIF), GMM(LEV) and GMM(SYS) estimators. All proofs are given in the Appendix.
First we define π d and π l as
Also, we define φ d , φ l and γ as
Next, we provide the formulas for the small sample biases ofα dif ,α lev andα sys .
The notations are explained in the appendix.
Theorem 1. The second order bias ofα dif is given by
Theorem 2. The second order bias ofα lev is given by
Theorem 3. The second order bias ofα sys is given by
Remark 1 Although we do not give explicit formulas, the small sample biases of all the GMM estimators are characterized by N , α and σ 2 η /σ 2 v . Therefore, we can calculate the theoretical values of the biases, which will be done in the next section.
Remark 2 We find that the bias of the system GMM estimator is composed of two elements. The first is the weighted sum of the biases of the first differencing and the level estimators (the first two rows of eq (14)). The second element of the bias results from using the first differencing and the level estimators jointly (the last row in eq(14)). Therefore, if the biases of the first differencing and the level estimators are in opposite directions, they will cancel each other out and the system estimator will have small bias. In the next section we will show that this is indeed the case.
Remark 3
Even if the biases of the first differencing and the level estimators are in opposite directions, the bias of the system estimator will not be small in absolute value if γ takes near zero or one, or the magnitude of one bias is much larger than the other. Hence, it is also necessary to consider γ and the magnitude of the biases.
Remark 4
Although we consider the case of T = 4 in this paper, from the proof of Theorem 3 we find that what is stated in Remark 2 still holds when T > 4 and this case is left for future research. shown above indicate that the second order bias does not explain the actual bias well even if the instruments are not weak, like GMM(LEV) estimator. Therefore, we can say that the second order bias approach used in this paper works well when α ≤ 0.5 and in the following we focus on the case with α ≤ 0.5.
Numerical analysis
The first concern is the direction of the biases of the GMM(DIF) and GMM(LEV)
estimators. Looking at the figures, we find that the GMM(DIF) estimator has a downward bias, while the GMM(LEV) estimator has an upward bias, and both biases cancel each other out in the GMM(SYS) estimator. The second concern is the value of γ and the magnitude of the biases. Even though they work in opposite directions and thus at least partly cancel each other out, the bias of the GMM(SYS) estimator will not be small in absolute value if γ takes near zero or one, or if the bias of either estimator is much larger than the other in absolute value. Therefore, we need to think about γ and the magnitude of the biases. Table 4 shows the values of γ for α = 0.1, ..., 0.9. We find that γ moves between about 0.25 and 0.5 in the region of α ≤ 0.5. We also find that although the bias of the GMM(DIF)
estimator is about -20 − -30% in the region of α ≤ 0.5, the bias of the GMM(LEV)
estimator decreases from about 26% to 5% as α increases. Hence, the difference of the magnitude of the biases of the two estimators in absolute value gets larger as α increases. However, Table 5 shows that 1 − γ, the weight on the GMM(LEV) estimator, increases as α increases, that is, the weight γ is adjusting the difference of the magnitude of the biases to be almost the same in absolute value. The column labeled "weighted sum" in Table 4 reports the theoretical values of the first element of the bias of the system estimator. In the region of α ≤ 0.5, it takes negative stable values around -0.4. The theoretical values of the second element in the bias of the GMM(SYS) estimator are given in the column labeled "correlation" in Table 4 . We find that the second element of the bias of the system estimator takes positive values and gets smaller as α grows. Hence, we find that in this case, too, the two elements of the bias of the GMM(SYS) estimator partly cancel each other out, and this is the reason why the small sample bias is almost zero around α = 0.3 or 0.4. Thus, we find that there are two reasons why the GMM(SYS) estimator is less biased. The first is that the biases of the GMM(DIF) and the GMM(LEV) estimators are in opposite directions, and the second is that the weight γ is adjusting the difference of the magnitude of both biases.
The above results pertain to the case when σ 2 η /σ 2 v = 1. Now we turn to the case when σ 2 η /σ 2 v = 4. The theoretical and simulation values of the biases are given in Table 2 and plotted in Figures 5 to 8. The approximation of the small sample bias is a little worse than that of σ 2 η /σ 2 v = 1. However, we find that there are sizable biases for any value of α for all estimators. Although Hahn, Hausman and Kuersteiner (2001) state that the GMM(SYS) estimator is heavily biased if the initial conditions fail, the result shown here suggests that even if the initial conditions are satisfied, the GMM(SYS) estimator becomes heavily biased. Therefore, using the GMM(SYS) estimator in this case is problematic and a reduction of the bias is required, which is considered in the next section.
Next, we consider the case σ 2 η /σ 2 v = 0.25 (Table 3 and 
Bias-corrected GMM estimators
In the previous section, we found that the small sample biases of the GMM estimators crucially depend on the ratio σ 2 η /σ 2 v . When σ 2 η and σ 2 v are almost equal, then the GMM(SYS) estimator is the least biased among the GMM estimators. However, if σ 2 η is large relative to σ 2 v , the biases of all three GMM estimators are sizable and bias-reduced estimators are required. In this section, we provide bias-corrected GMM estimators and confirm their usefulness via simulation. The method used here to correct for biases is to simply subtract the second order bias from the estimators. 8 Since the second order bias is effective to predict small sample biases in the region of α ≤ 0.5 as shown in the previous section, we limit our investigation as 8 Also see Newey and Smith (2004). in the previous section to the case where α ≤ 0.5. 
Monte Carlo Study
The data generating process is the same as that of Section 4. Table 6 shows the results of the simulation. Overall, the bias correction works well. However, as α gets larger, the bias-corrected estimators become more dispersed. Especially in the case ofα dif andα lev , although the biases are somewhat reduced, the standard deviations are extremely large. Therefore, bias correction forα dif andα lev may be problematic. Although the standard deviation of the bias corrected GMM(SYS) estimator gets larger as α grows, the degree of dispersion is much smaller than in the case of the bias-corrected GMM(DIF) and GMM(LEV) estimators. Hence, the bias-corrected GMM(SYS) estimator performs best among the bias-corrected GMM estimators considered here.
Conclusion
In this paper, we considered the small sample bias properties of GMM estimators in dynamic panel data models. We provided theoretical evidence why the system GMM estimator has smaller bias. We found that the bias of the system GMM estimator is a weighted sum of the biases in opposite directions of the first differencing and the level GMM estimators. In addition, we found that the role of the weight is also important since it adjusts the difference of the magnitudes of the biases. The numerical analysis showed that the fact that σ 2 η and σ 2 v are of almost the same value is an important reason why the system estimator has small bias. In the case when σ 2 η /σ 2 v = 4, the biases of all the GMM estimator are sizable. To reduce these biases, we proposed bias-corrected GMM estimators. Among the bias-corrected GMM estimators, the bias-corrected GMM(SYS) estimator performs well in terms of the magnitude of the bias, although its standard deviation increases. In the case when σ 2 η /σ 2 v = 0.25, we found that the bias of the GMM(LEV) estimator is smaller than that of the GMM(SYS) estimator for a wide region of α and the GMM(SYS) estimator is not best in terms of the magnitude of bias. 
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A Theoretical proofs
To prove Theorems 1, 2 and 3, we consider the general one-step GMM estimator
) are symmetric and positive definite matrices which do not depend on parameter θ.
Generally, an estimator of θ, θ, based on a sample of size N allows for an expansion of the form:
where both θ (1) and θ (2) are O p (1). Typically, θ (1) has a zero mean and converges in distribution to a normal distribution. By taking an expectation and ignoring the O p (1/N ) term, we obtain the approximate mean of
Therefore, we can regard 1 N E(θ (2) ) as the second order bias of θ. In the following, we derive N −1 E[θ (2) ] for a one-step GMM estimator.
Lemma 1. The second order bias for the one-step GMM estimator is given by
Proof. The one-step GMM estimator is a special case of Theorem 1 in Hahn,
Hausman and Kuersteiner (2001). All that is required is replacing the weighting
Furthermore, because the moment conditions considered in this paper are linear in the parameter, G θ = 0 holds, and hence the last two terms, B 5 and B 6 , equal zero. In the following, we derive B 1 , B 2 , B 3 , B 4 each for GMM(DIF), GMM(LEV) and GMM(SYS), and to distinguish these estimators, we use the superscripts "dif", "lev" and "sys" for B 1 , ..., B 4 .
Proof of Theorem 1
Since
can be expressed as
Because all the expectations are equal to zero,
is expressed as
Note that B dif 3 has the following form:
and E(y 2 i1 ∆y i2 ∆u i4 ) = E(y i1 y i2 ∆y i2 ∆u i4 ) = 0, we get
and the other expectations are zero, we have
By adding the terms from eq. (20) to eq.(23), the proof is completed.
Proof of Theorem 2
The flow of the proof is the same as Theorem 1: the four elements of the bias are calcurated in sequence. First B lev 1 has an expression as follows:
The last equality comes from the fact that all the expectations are equal to zero.
Next we consider B lev 2 .
B lev 3 can be expressed as
we have
Finally we consider B lev 4 .
hold, we get
By adding terms from eq. (24) to eq. (27) , the result is obtained.
Proof of Theorem 3
The second order bias ofα sys can be written as 
After some algebra, we have 
Note that
hold. Using these results, we get
Next, Ψ 4 has the following form:
Because we have the following results:
we obtain 
